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TRANSFERENCE OF FRACTIONAL LAPLACIAN REGULARITY
LUZ RONCAL AND PABLO RAU´L STINGA
Abstract. In this note we show how to obtain regularity estimates for the fractional Laplacian
on the multidimensional torus Tn from the fractional Laplacian on Rn. Though at first glance this
may seem quite natural, it must be carefully precised. A reason for that is the simple fact that L2
functions on the torus can not be identified with L2 functions on Rn. The transference is achieved
through a formula that holds in the distributional sense. Such an identity allows us to transfer
Harnack inequalities, to relate the extension problems, and to obtain pointwise formulas and Ho¨lder
regularity estimates.
1. The transference formula
For 0 < σ < 1 and u : Rn → R, the fractional Laplacian of order σ in Rn is defined using the
Fourier transform as
(−∆Rn)σu(x) =
∫
Rn
|ξ|2σû(ξ)eix·ξ dξ, x ∈ Rn.
Similarly, the fractional Laplacian on Tn ≡ Rn/(2piZn) is defined via the multiple Fourier series
(−∆Tn)σv(z) =
∑
k∈Zn
|k|2σck(v)eik·z,
where ck(v) is the Fourier coefficient of v : Tn → R. In our notation, the point (eiz1 , . . . , eizn) ∈ Tn
is uniquely identified with z = (z1, . . . , zn) ∈ Qn := (−pi, pi]n, so v(z) in fact means v(eiz1 , . . . , eizn).
In order to avoid a rather cumbersome notation, we will just write z ∈ Tn.
It is clear that the fractional Laplacian on Rn does not preserve the Schwartz class S. Instead,
(−∆Rn)σ : S → Sσ := {ϕ ∈ C∞(Rn) : (1 + |x|2)
n+2σ
2 Dkϕ(x) ∈ L∞(Rn), k ∈ N0},
see [5, pp. 72–73]. Observe that S ⊂ Sσ. Then the symmetry of the fractional Laplacian allows us to
define (−∆Rn)σ for u in the dual space S ′σ. For locally integrable functions u in S ′σ we let
〈(−∆Rn)σu, ϕ〉Sσ :=
∫
Rn
u(x)(−∆Rn)σϕ(x) dx, ϕ ∈ S.
Certainly, the integral above is absolutely convergent when (see also [5])
u ∈ Lσ := L1(Rn, (1 + |x|2)−
n+2σ
2 dx).
The situation with the fractional Laplacian on the torus is different than the Rn case. We first
notice that (−∆Tn)σ preserves the class of smooth functions on Tn. By symmetry we are able to
define this operator for any function v that is a periodic distribution on Tn. Indeed, we let
〈(−∆Tn)σv, φ〉C∞(Tn) :=
∫
Tn
v(z)(−∆Tn)σφ(z) dz, φ ∈ C∞(Tn).
To relate both fractional Laplacians we define two operators. For a function v on Tn we define its
repetition Rv : Rn → R by
(Rv)(x) =
∑
k∈Zn
v(x− 2pik)χQn(x− 2pik), x ∈ Rn.
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This is nothing but the Qn-periodic function on Rn that coincides with v on Tn. Here Tn is identified
with Qn as explained above. For a function u : Rn → R we define its periodization as the function
pΣu : Tn → R given (formally) by
(1.1) (pΣu)(z) =
∑
k∈Zn
u(z + 2pik), z ∈ Tn.
Theorem A (Transference formula). Let v be a function on the torus such that
(1.2)
∑
k∈Zn\{0}
|ck(v)|e
−|k|2
|k| <∞.
Then its repetition Rv is a function in Lσ which defines a distribution in S ′σ and such that
(1.3)
∫
Rn
(Rv)(−∆Rn)σϕdx =
∫
Tn
v(−∆Tn)σ(pΣϕ) dz, ϕ ∈ S.
In other words, when evaluated in periodizations of Schwartz functions, the periodic distribution
(−∆Tn)σv coincides with the distributional fractional Laplacian on Rn of its repetition Rv.
Proof. We first check that Rv ∈ Lσ. Let us compute
(1.4)
∫
Rn
|(Rv)(x)|
(1 + |x|2)n+2σ2
dx =
∑
k∈Zn
∫
Qn
|(Rv)(x+ 2kpi)|
(1 + |x+ 2kpi|2)n+2σ2
dx
=
∫
Tn
|v(z)|pΣ((1 + | · |2)−
n+2σ
2 )(z) dz.
Since (1 + | · |2)−n+2σ2 is integrable, then [pΣ(1 + | · |2)−n+2σ2 ] is integrable (see [6, Chapter VII]). Its
Fourier coefficient can be computed as follows:
F [(1 + | · |2)−n+2σ2 ](k) = F−1(F(I −∆Rn)−
n+2σ
2 )(k)
=
1
Γ(n+2σ2 )
∫ ∞
0
e−t
e−|k|
2/(4t)
(4pit)n/2
dt
t1−
n+2σ
2
=
|k|2σ
(4pi)n/24σΓ(n+2σ2 )
∫ ∞
0
e−|k|
2/(4r)e−r
dr
r1+σ
= cn,σKσ(|k|2).
Here Kσ(z) is the modified Bessel function of the third kind (see [3, p. 119]). A well known asymptotic
formula gives that Kσ(|k|2) ∼ |k|−1e−|k|2 , as |k| → ∞. Hence, by Parseval’s identity on Tn and the
hypothesis, from (1.4) we get∫
Rn
|(Rv)(x)|
(1 + |x|2)n+2σ2
dx = cn,σ
∑
k∈Zn
|ck(v)|Kσ(|k|2) ≤ Cn,σ
∑
k∈Zn\{0}
|ck(v)|e
−|k|2
|k| <∞.
Thus, Rv ∈ Lσ and the left hand side of (1.3) is absolutely convergent.
Again, pΣϕ is integrable on Tn and ck(pΣϕ) = ϕ̂(k), for each k ∈ Zn. Moreover, since ϕ and ϕ̂
decay at infinity as |x|−n−δ, δ > 0, we have
(1.5) (pΣϕ)(z) =
∑
k∈Zn
ϕ̂(k)eik·z,
where the series converges absolutely, see [6, Chapter VII]. From here, using the properties of the
Fourier transform, it readily follows that pΣϕ is a smooth function on the torus. Hence (−∆Tn)σ(pΣϕ)
is smooth too and the right hand side of (1.3) is absolutely convergent.
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Before proving (1.3) we compute the periodization of (−∆Rn)σϕ. Since ϕ is in the Schwartz class,
both (−∆Rn)σϕ and its Fourier transform decay as |x|−(n+2σ) at infinity. Therefore, by (1.5),
[pΣ(−∆Rn)σϕ] (z) =
∑
k∈Zn
̂(−∆Rn)σϕ(k)eik·z =
∑
k∈Zn
|k|2σϕ̂(k)eik·z
=
∑
k∈Zn
|k|2σck(pΣϕ)eik·z = (−∆Tn)σ(pΣϕ)(z),
for each z ∈ Tn. With this, we readily obtain∫
Rn
(Rv)(−∆Rn)σϕdx =
∫
Rn
[ ∑
k∈Zn
v(x− 2pik)χQn(x− 2pik)
]
(−∆Rn)σϕ(x) dx
=
∑
k∈Zn
∫
Qn+2pik
v(x− 2pik)(−∆Rn)σϕ(x) dx
=
∑
k∈Zn
∫
Qn
v(z)(−∆Rn)σϕ(z + 2pik) dz
=
∫
Tn
v(z) [pΣ(−∆Rn)σϕ] (z) dz =
∫
Tn
v(−∆Tn)σ(pΣϕ) dz.
Notice that the integration on the torus with respect to the Haar measure is just the integration over
Qn with respect to the Lebesgue measure, so the previous to last equality is true. 
Remark 1.1. Formula (1.3) is certainly valid for functions v ∈ Lp(Tn), 1 ≤ p ≤ ∞. Indeed,
v ∈ L1(Tn) and, by the Riemann–Lebesgue Lemma, ck(v)→ 0 as |k| → ∞, thus (1.2) holds. Observe
that condition (1.2) also holds whenever
∑
k∈Zn\{0} |k|2σ|ck(v)|2 <∞, that is, when v is in the Sobolev
space Hσ = Dom((−∆Tn)σ/2).
2. Applications
2.1. Harnack inequalities. Interior and boundary Harnack estimates for the fractional Laplacian
on the torus now follow from the transference formula in Theorem A.
Theorem 2.1 (Interior Harnack inequality). Let O ⊆ Tn be an open set. For any compact subset
K ⊂ O, there exists a constant C > 0, that depends only on n, σ and K, such that
sup
K
v ≤ C inf
K
v,
for all solutions v ∈ Dom((−∆Tn)σ) to{
(−∆Tn)σv = 0, in O,
v ≥ 0, on Tn.
Proof. For v as in the hypothesis, its repetition Rv is a nonnegative function on Rn which belongs
to Lσ. We can identify O with an open subset O˜ ⊂ Qn. Take any smooth function ϕ with compact
support in O˜. Then pΣϕ is a smooth function on the torus supported in O. Now Theorem A gives
that 〈(−∆Rn)σ(Rv), ϕ〉Sσ = 〈(−∆Tn)σv, pΣϕ〉C∞(Tn) = 0. Hence Rv is a nonnegative solution to
(−∆Rn)σ(Rv) = 0 in O˜. Then Rv satisfies Harnack inequality (see [1, Theorem 5.1]), and so does
v. 
Theorem 2.2 (Boundary Harnack inequality). Let 0 < σ < 1 and v1, v2 ∈ Dom((−∆Tn)σ) be two
nonnegative functions on Tn. Suppose that (−∆Tn)σvj = 0 in O, for some open set O ⊆ Tn. Let
z0 ∈ ∂O and assume that vj = 0 for all z ∈ Br(z0) ∩ Oc, for some sufficiently small r > 0. Assume
also that ∂O∩Br(z0) is a Lipschitz graph in the direction of z1. Then, there is a constant C depending
only on O, z0, r, n and σ, but not on v1 or v2, such that
sup
O∩Br/2(z0)
(
v1
v2
)
≤ C inf
O∩Br/2(z0)
(
v1
v2
)
.
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Moreover, v1/v2 is α-Ho¨lder continuous in O ∩Br/2(z0), for some universal 0 < α < 1.
Proof. Again we have that Rvi is in Lσ. We identify O with an open subset O˜ ⊂ Qn. Let us also
identify z0 ∈ ∂O with x0 ∈ ∂O˜. Then the corresponding boundary portion ∂O˜ ∩Br(x0) is a Lipschitz
graph in the x1-direction. Using the same argument as in the proof of Theorem 2.1, it follows that
Rvi are nonnegative solutions to (−∆Rn)σ(Rvi) = 0 in O˜, and Rvi = 0 in Br(x0)∩O˜c. Therefore, the
boundary Harnack inequality holds for Rvi (see [1, Theorem 5.3]), and so does for vi by restricting
Rvi to O. The Ho¨lder continuity of v1/v2 follows from the Ho¨lder continuity for (Rv1)/(Rv2). 
2.2. Extension problem. It is known that the Caffarelli–Silvestre extension problem characteriza-
tion is valid also for the fractional Laplacian on the torus, see [7, 8], also [4, 2]. Here we can derive
it directly from the Caffarelli–Silvestre result of Rn in [1] with the explicit constants computed in [8].
In the proof we are going to need the following simple result.
Lemma 2.3. Let φ be a smooth function on Tn. Then there exists a smooth function ϕ with compact
support on Rn such that
φ(z) = pΣϕ(z), for z ∈ Tn.
Proof. It is easy to see that there exists a smooth function ψ with compact support on Rn such
that
∑
k∈Zn ψ(x + 2pik) ≡ 1, for all x ∈ Rn. Indeed, ψ can be constructed as the convolution
of the characteristic function of Qn with a smooth bump function that has integral 1. Set ϕ(x) =
ψ(x)(Rφ)(x). Clearly, ϕ is smooth (see the proof of Theorem A) and has compact support. Moreover,
(pΣϕ)(z) =
∑
k∈Zn
ψ(z + 2pik)(Rφ)(z + 2pik)
=
∑
k∈Zn
ψ(z + 2pik)
∑
j∈Zn
φ(z + 2pik + 2pij)χQn(z + 2pik + 2pij)
= φ(z)
∑
k∈Zn
ψ(z + 2pik) = φ(z), z ∈ Tn.

Theorem 2.4 (Extension problem). Let v ∈ Dom((−∆Tn)σ). Let V = V (z, y) be the solution to the
boundary value problem
(2.1)
{
∆TnV +
1−2σ
y Vy + Vyy = 0, in T
n × (0,∞),
V (z, 0) = v(z), on Tn.
Then, for cσ =
Γ(1−σ)
4σ−1/2Γ(σ) > 0, we have that
(2.2) − lim
y→0+
y1−2σVy(z, y) = cσ(−∆Tn)σv(z), z ∈ Tn.
Proof. Consider u = Rv ∈ Lσ. Let U be the solution to the extension problem for u:{
∆RnU +
1−2σ
y Uy + Uyy = 0, in R
n × (0,∞),
U(x, 0) = u(x), on Rn.
From [1] we know that U(x, y) = Pσy ∗ u(x), for a suitable Poisson kernel Pσy (x). Using this Poisson
formula and analogous to the proof of Theorem A, it can be checked that U(z, y) = (v ∗ (pΣPσy ))(z),
z ∈ Tn, where the convolution is performed on Tn. Then U(z, y) is a solution to (2.1). By uniqueness,
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it follows that V (·, y) = v ∗ (pΣPσy ), for each y > 0. Moreover, by Theorem A and the Caffarelli–
Silvestre extension result for the fractional Laplacian on Rn in [1],
cσ
∫
Tn
v(−∆Tn)σ(pΣϕ) dz = cσ
∫
Rn
u(−∆Rn)σϕdx = − lim
y→0+
∫
Rn
y1−2σUy(x, y)ϕ(x) dx
= − lim
y→0+
∑
k∈Zn
∫
Qn
y1−2σUy(z + 2pik, y)ϕ(z + 2pik) dz
= − lim
y→0+
∫
Qn
y1−2σUy(z, y)(pΣϕ)(z) dz
= − lim
y→0+
∫
Tn
y1−2σVy(z, y)(pΣϕ)(z) dz.
Now (2.2) follows because any smooth function φ on the torus can be expressed as pΣϕ, for some
ϕ ∈ S, see Lemma 2.3. 
2.3. Pointwise formula. Let 0 < α ≤ 1 and k ∈ N0. A continuous real function v defined on Tn
belongs to the Ho¨lder space Ck,α(Tn), if v ∈ Ck(Tn) and
[Dγv]Cα(Tn) := sup
x,y∈Tn
x 6=y
|Dγv(x)−Dγv(y)|
(.x, y)
α
<∞,
for each multi-index γ ∈ Nn0 such that |γ| = k. Here (.x, y) is the geodesic distance from x to y on Tn.
We define the norm in the spaces Ck,α(Tn) as usual.
Theorem 2.5 (Pointwise formula). Let v ∈ C0,2σ+ε(Tn) if 0 < σ < 1/2 (or v ∈ C1,2σ+ε−1(Tn) if
1/2 ≤ σ < 1). Then (−∆Tn)σv coincides with the continuous function on Tn given by
(−∆Tn)σv(x) = P.V.
∫
Tn
(v(x)− v(z))Kσ(x− z) dz
= lim
δ→0+
∫
|x−z|>δ,z∈Tn
(v(x)− v(z))Kσ(x− z) dz, x ∈ Tn,
where, for x ∈ Tn, x 6= 0,
Kσ(x) =
2σΓ
(
n+σ
2
)
|Γ(−σ/2)|pin/2
∑
k∈Zn
1
|x+ 2pik|n+2σ .
In the case 0 < σ < 1/2 the integral above is in fact absolutely convergent.
One may think that Kσ is just the periodization of the kernel of the fractional Laplacian on Rn. In
fact, formally, Kσ(x) = cn,σpΣ(|x|−(n+2σ)). But, since |x|−(n+2σ) is not integrable on Rn, this formal
identity makes no sense.
Proof of Theorem 2.5. Notice that Kσ(x) is well defined for x 6= 0. Indeed, if k 6= 0, then for x ∈ Tn
we have |pik| ≤ cn|x− 2kpi|, so
0 ≤ Kσ(x) ≤ Cn,σ
 1
|x|n+2σ +
∑
k∈Zn\{0}
1
|pik|n+2σ
 , x 6= 0,
and the series is absolutely convergent. We have to prove that
(2.3) 〈(−∆Tn)σv, φ〉C∞(Tn) =
∫
Tn
h(x)φ(x) dx, for any φ ∈ C∞(Tn),
where the continuous function h is given by
h(x) = P.V.
∫
Tn
(v(x)− v(z))Kσ(x− z) dz.
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Let u = Rv. Then u is bounded and it belongs to C0,2σ+ε(Rn) (or to C1,2σ+ε−1(Rn)), so (−∆Rn)σu
is a continuous function on Rn (see [5, Proposition 2.4]) and
(2.4)
(−∆Rn)σu(x) = cn,σ P.V.
∫
Rn
u(x)− u(y)
|x− y|n+2σ dy
= cn,σ P.V.
∑
k∈Zn
∫
Qn
u(x)− u(z − 2pik)
|x− z + 2pik|n+2σ dz
= cn,σ P.V.
∑
k∈Zn
∫
Qn
v(x)− v(z)
|x− z + 2pik|n+2σ dz
= cn,σ P.V.
∫
Tn
(v(x)− v(z))Kσ(x− z) dz = h(x).
With this we conclude that h is a continuous function on Tn. Observe that (−∆Rn)σu is a Qn-periodic
function. To establish (2.3), let φ be any smooth function on the torus. By Lemma 2.3, there exists
ϕ ∈ S such that φ(z) = pΣϕ(z), z ∈ Tn. Then, by Theorem A and (2.4),
〈(−∆Tn)σv, φ〉C∞(Tn) = 〈(−∆Tn)σv, pΣϕ〉C∞(Tn) = 〈(−∆Rn)σu, ϕ〉Sσ
=
∫
Rn
(−∆Rn)σu(x)ϕ(x) dx
=
∑
k∈Zn
∫
Qn
(−∆Rn)σu(x+ 2pik)ϕ(x+ 2pik) dx
=
∫
Qn
(−∆Rn)σu(x)(pΣϕ)(x) dx =
∫
Tn
h(x)φ(x) dx.

2.4. Ho¨lder regularity. Ho¨lder estimates follow directly from our transference formula and the
known results for the fractional Laplacian on Rn.
Theorem 2.6 (Ho¨lder estimates). Take α ∈ (0, 1].
(1) Let v ∈ C0,α(Tn) and 0 < 2σ < α. Then (−∆Tn)σv ∈ C0,α−2σ(Tn) and
‖(−∆Tn)σv‖C0,α−2σ(Tn) ≤ C‖v‖C0,α(Tn).
(2) Let v ∈ C1,α(Tn) and 0 < 2σ < α. Then (−∆Tn)σv ∈ C1,α−2σ(Tn) and
‖(−∆Tn)σv‖C1,α−2σ(Tn) ≤ C‖v‖C1,α(Tn).
(3) Let v ∈ C1,α(Tn) and 2σ ≥ α, with α− 2σ + 1 6= 0. Then (−∆Tn)σv ∈ C0,α−2σ+1(Tn) and
‖(−∆Tn)σv‖C0,α−2σ+1(Tn) ≤ C‖v‖C1,α(Tn).
(4) Let v ∈ Ck,α(Tn) and assume that k+α− 2σ is not an integer. Then (−∆Tn)σv ∈ Cl,β(Tn),
where l is the integer part of k + α− 2σ and β = k + α− 2σ − l, and
‖(−∆Tn)σv‖Cl,β(Tn) ≤ C‖v‖Ck,α(Tn).
Proof. For (1), by Theorem 2.5 and [5, Proposition 2.5] we readily get,
‖(−∆Tn)σv‖C0,α−2σ(Tn) = ‖(−∆Tn)σ(Rv)‖C0,α−2σ(Rn) ≤ C‖Rv‖C0,α(Rn) = C‖v‖C0,α(Tn).
Parts (2), (3) and (4) follow analogously by using Theorem A, Theorem 2.5 and the known results
for Rn [5, Proposition 2.6, Proposition 2.7]. 
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